Excerpts from The Decision Making Book
Chapter 11: Simulation or "Monte Carlo"” Technique

11.1 Introduction

We have been studying how one analyzes random variables. If the characteristic we are studying
is a random variable, we want three pieces of information:

1) The average of the R.V., a typical value, a standard to compare against.
2) The standard deviation of the R.V., a number that quantifies the variability of the R.V.
3) The probability distribution of the R.V., a picture of the shape of the variability.

This information gives us an insight into how the random variable behaves. We have seen that if
we know the probability distribution of the R.V., we can easily determine the average and standard

deviation of the R.V.
Average = E(X) = > X P(X)

Standard Deviation =\ E(X2) - (E(X))2

where E(X2) = YX2P(X).

The key is to determine the probability distribution of the R.V.
This is done in three ways:

1. Observed Probability, which is based on observing what happened. The observed
percentage of time a given event happened.

Observed Number of Times"A" Happened _(_1
Total Number of Observations

P(A) =

The Empiricist argued that all Knowledge comes from our Experiences. The Observed
Probability reflects the Empiricists’ view of how we acquire Knowledge that helps us
explain the behavior of random variables.

2. Reasoned Out Probability, which is based on reasoning out what percent of time it will happen.

P(A) = Reasoned Number of Times"A" Will Happen __ n(A)
Reasoned Total Possible n(Total)

The Rationalist argued that all Knowledge comes from our ability to Reason. The
Reasoned Out Probability reflects the Rationalists’ view of how we acquire Knowledge
that helps us explain the behavior of a random variable.

3. Opinion Probability, which is based on one's opinion of how often things would happen.

Opinion Number of Times"A" Will Happen __ n(A)
Pretend Total Possible n(Total)

P(A) =

Statistics Chapter 11 p. 1



You may have studied two theoretical probability models, normal and binomial. They allow us to
determine probabilities without actually running an experiment, taking a sample or forming an
opinion. We use the observed probability results to check to see if our reasoned out models were
or would be appropriate.

The Law of Large Numbers says: "If the reasoning is 'good’, the Observed Probability will get
closer and closer to the Reasoned Out Probability, as the number of observations gets larger."
If this isn't happening, then we must conclude that the Reasoned Out probability is wrong.

The Reasoned Out Probability is supposed to explain or predict what will actually happen and the
Observed Probability is simply a summary of what actually did happen.

We can make a similar statement about Opinion Probability: if the opinion is "correct" we expect
the Observed Probabilities to get closer and closer to the Opinion Probabilities, as we gather more
experiences. If this doesn't happen, our opinion was wrong.

In some problems that have never happened before, it may be impossible, either because of time
or cost, to run an experiment or take a sample to gain “experience” to get the observed
probabilities. Also, the problem may be so complex that it is impossible to reason out the
probabilities or the consequences of a bad estimate are so grave that people wouldn't use
opinions. Simulation, or what is sometimes called the Monte Carlo Technique, gives us a
fourth method of determining the probability of an event.

Apollo 13 Used Simulation
Many people have seen the movie or remember the problem with Apollo 13.

The spacecraft malfunctioned and was not able to land on the moon. The question that mission
control had to answer was, “At what point in their orbit of the moon should they fire their engines?”
They needed to "pull out" of the moon's gravity and get into the earth's gravitational field. If they
fired the engines at an incorrect time, they could have gone out into space.

How should the astronaut react to get back safely to the Earth? Could they use:

Experience? No, this was a new situation, they had no prior experiences. Also,
they could not send up several spacecrafts to experiment and
observe what to do.

Reasoning? The problem was so complex that they did not believe they could
write mathematical equations that would correctly determine the
point to fire the engines.

Opinion? If you were one of the astronauts, would you want mission control
to say we feel it, fire the engine now?

NO! NO! NO!

They used a technique called simulation. They anticipated a need to do may "pretend" rocket
firings. They had a program that simulated the path Apollo 13 would take. In doing this, they could
experience life without having to live it—this is the basic creed of simulation.
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Radiation and Thickness of Lead Shield

When people began working with radiation, a basic question arose:

How thick does the lead shield have to be to protect humans from the radiation?

Could they use:

Experience? No, they shouldn't use humans for this type of experimentation.
Unfortunately, there are situations where people were exposed to
radiation when their consent had not been given.

Reasoning? To explain how radiation behaves when it hits a lead shield is so
complex, mathematical equations have not been written to explain
what will happen.

Opinion? Would you want to be in a room with radiation and hear the
person say: "my guts" tell me the shield is thick enough?

They used a technique called simulation.

Simulation combines many of the aspects of reasoned out probability with observed probability,
and, in some cases, opinions.

The unique aspect of simulated probability is that rather than actually running a given experiment
we create an artificial experiment that in an abstract probabilistic way is equivalent to our
original experiment, problem or decision. The discussion that follows will help clarify this point.

Reflection Airplane pilots in training use what is called a flight
simulator. What do you think the simulator does?
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11.2 Random Number Table

Look at the table on the following page. You could think that the table was created by someone
(with lots of time on their hands) who put the numbers 0,1, 2, 3, 4, 5, 6, 7, 8, 9 on ten chips and
put the chips in a jar. She then selected one chip at random and recorded the result. In this table,
a 4 was selected first, the 4 chip was then returned to the jar, the chips were mixed and a second
chip was selected. In this case it turned out to be a 1. The woman enjoyed this so much that she
spent the evening randomly selecting and recording the digits. The next page shows her results.
If you enjoy reading the next page, we encourage you to pick up a book published by the Rand
Corporation, a think tank of the U.S. Army. You will find over 200 pages of random numbers—
exciting reading for those lonely Minnesota winter nights. Or you can generate a table such as
this using Excel.

What is the probability of selecting the "3" chip from the bowl?

__n@3) _1
P(3) = (total) = 10

What is the probability of placing a pencil at random on the random number table and having it hit
or be closest to the digit 3?

P(3) =16

In an abstract probabilistic way the selecting of a digit from a jar or a random number table are
equivalent.

Simulation of Coin Flipping
Reasoned Out Probability:

n (Heads)
n(Total Outcomes of a Coin)

1
P(Head) = =3

Instead of flipping a coin, we select a one digit number at random from the random number table
and use the following rule:

Rule: If digitis even, a head has occurred.
If digit is odd, a tail has.

n(Even Digits) _ 5
P(Even number) = n(Total) =10 °

N|=

We have simulated coin flipping, because in an abstract probabilistic way, the flipping of a coin
and the selecting of an even digit can be considered equivalent events. The probabilities are
equal. Instead of actually flipping a coin, we simulate the experiment by selecting a digit at
random from the table.
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Table of Random Digits

4125592292427924704408887534622706191124
3008210673936009716135929039307813829006
9511579118662398207184487542373015999569
9096352658442650186721635313525022054218
8161081482627471145264785765711259237421
5113001182288416392516987454500302424830
0319139269721464762232305070884744386313
7982700801363699523337726935675181454876
3370154572052570786244861957473270513163
9423119198113583185797714129113656520757
9207326395872759466928626615477132252318
1442112816836633530250075131951177056139
0440782340304390517686643977899932394545
0274541733384571296700393098650603492240
0062077941786698858502085478460012488715
5437977549629889807441326092326463531945
6032822423908562227507780525794761690109
0989443001056712597664426077472380536204
3752599690630946351035070824902289275305
2436673702392576439083975695219443070082
6744553390379418785379331769254495366790
2902541885800257340577722004875933368794
6554361174042156536900841718546292070504
1594604434841413362635194727963864710945
0193814298449407690678007267589012681247
3634532697689324911525655126197623376121
8772800244627539464182930110608449066324
9892769428055264995058321474649845746691
5840575838957405978861177664477040585967
4899329022765123971389389734714012197930
8111418777825170569500527787481280754566
2715039932211332541852407777453214350371
4594285922305024910439745470997497543981
3533173629688200157174761713552748311874
9813224446297940175485079721835700523955
8913151847025778429570263759883529982095
2406035366263581354161119291330699155000
5226539229322073681743820450367208566045
4233500941792502958084219276202944188663
1116219399354434611694889242340227782657

The table was generated using Excel.
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Problem. Flip a coin 12 times and use these results to determine the probability of flipping a head.

Numbers Selected At Random From Table

3 =tails 0=heads Instead of actually flipping a coin twelve times, we simulated the experiment by

6 = heads 3 =tails using the random number table. The result for this simulation is seven heads and
9 = tails 2=heads five tails. The simulated probability of a head would be 7/12, which is close to 1/2.
6=heads O=heads We'dexpect that the Simulated Probability would get closer to the Reasoned

5 = tails 3 =tails Out Probability as the number of simulated trialgncreases, we have faith in the
O=heads 4=heads Law of Large Numbers.

Simulation of Poker

Instead of dealing five cards from a deck of cards, we could put 52 different numbers into a jar
and pick five of them out. Then we use the following table to determine what cards were "dealt". In
simulating any 52 different numbers could have been used. We could have used the numbers 121
to 172. Instead of putting the numbers in a jar, we could select a 2 digit number from the random
number table. We would select five two digit numbers at random that are between and including
00 to 51. If we select a number twice, we'd select another number as we can't draw the same card
twice. If we get a two digit number greater than 51, we'd select another two digit number.

RN Clubs RN Diamonds RN Hearts RN Spades
00 Ace 13 Ace 26 Ace 39 Ace
01 King 14 King 27 King 40 King
02 Queen 15 Queen 28 Queen 41 Queen
03 Jack 16 Jack 29 Jack 42 Jack
04 10 17 10 30 10 43 10
05 9 18 9 31 9 4 9
06 8 19 8 32 8 45 8
or 7 20 7 33 7 46 7
08 6 21 6 34 6 47 6
09 5 22 5 35 5 48 5
10 4 23 4 36 4 49 4
11 3 24 3 37 3 50 3
12 2 25 2 38 2 51 2

Simulation involves describing actual events or outcomes as numbers and the probability
of selecting a number is equal to the probability of the event the numbers are depicting.

A fH 1
P(Selecting an Ace of Hearts) = nr(l('l? :t:l C:;rg) =52

n(Pick the number 26) _ 1
n(Total Numbers) ~ 52

P(Selecting the number 26 from 00 to 51) =

n(26) = 1, because the number 26 occurs once in the list of two digit numbers that go from 00 to 51.

Again, in an abstract probabilistic way these two events, selecting an Ace of Hearts and
selecting the number 26, are equivalent.

Reflection Do you understand what a table of random numbers is?
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11.3 Computer Simulation

The primary reason simulation has become more important is that it can be done easily on the
computer.

Rather than having to pick numbers at random from a table or bowl, we can program the
computer to, in essence, select numbers at random from a jar.

Most computers have as part of their software package a random number generator.

This is a program of mathematical equations that will create (generate) numbers that are random
in nature.

You may have seen or heard about the fight of the century, where Mohammed Ali fought Rocky

Marciano.

This fight never happened, it was a simulation. Other simulations have been done trying to guess
which was the greatest baseball team of all time.

You must remember that these results prove nothing and are very much subject to the
simulator's whims and biases.

However, many practical problems are done using simulation and you shouldn't be swayed by a
few applications that deal with sensationalism.

We will look at two computer software packages, @Risk and Crystal Ball. They both allow you to
have your spreadsheet do simulation.

We will look at a few problems without using the computer prior to looking at the software, as it is
important for you to understand what the computer does for you.
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Random Samples

In statistics we learn about the desire to take samples that are random in nature—that is, every
object in the population would have an equal chance of being selected. This can be very difficult to
achieve in real life problems. We look at a method of using random numbers to help ensure a
random sample.

Problem: Price Comparisons

We wish to compare the prices of two stores and determine which is the cheapest. How do we go
about taking a random sample of the items in the store(s)? If we just go in and pick items out, our
biases may lead us to select certain items and overlook other items. If we do this we may have
made a sampling error, the sample does not represent the population, all the items in the
store.

The following is a possible way of getting a sample that would be nearly random.
We make a layout of one of the stores and number the aisles.

WALL

11

1 IIII IIII IIII I”II ’

——

WALL

re»<
>

If we assume that there are 4 shelves on each aisle, by picking two numbers at random we could
select the aisle we want and the shelf.

4
3
2
1

"7-3" would indicate we want an item from aisle 7 on shelf 3. To specify a particular item on the
shelf we might pick a number at random between 1 and 50 and then count from the front to back
and returning until we reach our desired number (the 50 is completely arbitrary).

"10-2-28" would be the item found in the 10th aisle on shelf 2 and the 28th item using the above
numbering scheme. We would pick a number at random from a bowl that contains numbers 1
through 12, to give us the aisle. A second number from a bowl containing numbers from 1 through
4 will give us the shelf, and a third number from a bowl containing numbers from 1 through 50
would give us the item.

Fortunately, we don't have to create bowls, we can use computer programs that will generate
random numbers. The following page indicates output if we had wanted a random sample of size
20 (n = 20). Note that the numbers are arranged in ascending order. They were not generated this
way. The first sequence of numbers generatedwas 8 1 11, but by having them in this order
it is easier to gather the data.

Using the table I'd go to aisle 1, shelf 1 and find the 28th item, etc.

The program is menu driven and we show the questions you must answer to get the desired
output. What is underlined is what we had to type in. The program is called RASEQ, which is short
for Random Sequence.
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Do you need instructions? Yes

RASEQ generates up to 250 sets of 1 to 4 random numbers.

Suppose, for example, that you wanted to select 100 items from a 500-page computer listing with
60 items on each page. You would want 100 sets of 2 numbers, the first number in the range 1
to 500 and the second in the range 1 to 60. The program will ask for the number of sets you
want, n, and the quantity of items to be included in each set, g. The L and H values are higher
and lower limits.

Enter the valuesof nand q? 20,3  ---—-—------—--- sample size
For the first number --L,H=? 1,12 -—mmn- aisles go from 1 to 12
For the second number --L,H=? 1,4 - shelves
For the third number --L, H =" 1,50 ---—-----me- Iltems
Order Of
Selection Set Of Random Numbers

3 1 1 28

15 2 1 25

18 2 3 32

4 4 4 6

10 4 4 20

19 5 1 34

7 5 4 18

8 6 2 13

6 7 2 1

13 7 2 40

9 7 3 15

1  --- First sequence 8 1 11

14 of numbers that 8 3 27

20 the computer 9 2 25

12 generated 9 2 36

2 9 4 17

16 10 1 42

5 10 3 33

17 11 1 38

11 12 2 13

Reflection Can you think of a problem at work that you
could simulate?
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11.4 Simulation: Cost of a Guarantee

A small company offers to fly people into Canada for fishing trips. They charge $400 for the pilot,
plane and fuel. The customer must canoe out so that there is no charge for pick up (makes
problem much easier).

Assume that when customers call for appointments, they are told there can be no guarantee on
the departure day but they will get $50 for each day that they must wait.

The company wishes to determine the cost associated with this guarantee. They must keep the
guarantee as their competitor has this kind of guarantee. When they did not offer the guarantee,
their number of customers dropped dramatically.

Can you identify the two random variables of this problem?
1) The number of fishing parties arriving each day that want service is a random
variable.
2) The number of flights that they are able to make each day is a random variable.
This is the same as the number of fishing parties they are able to service each day, it
is also a random variable.
Do you see the problem? On some days 3 parties may want a flight and because of weather
conditions, equipment problems, etc., the company is only able to "service" 2 of the customers.
Hence, there is one party waiting.
To analyze how much waiting will take place, we must look at the two random variables:
Arrivals and Service.
From their database they have the following information on arrivals and service.

They Believe the Past Will Mirror the Future.

Arrivals = Number of Parties seeking a plane trip each day
Service = Number of Parties who are flown out each day

Potential
Arrivals P (Arrival) Services P (Service)

0 .15 0 .05
1 .20 1 10
2 .25 2 .20
3 .30 3 .20
4 .10 4 .25

5 .20

These would be Observed Probability Distributions. To reason out how these two random
variables interrelate to determine the average waiting time, requires extensive mathematics.
Rather than attempting to reason out the solution, we simulate the arrival and service of
customers using the random number table.

The following table indicates the relationship that exists between the random numbers selected
and what they represent in terms of service and arrival values.
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Arrivals Random Number Service Random Number

0 00-14 0 00-04
1 15-34 1 05-14
2 35-59 2 15-34
3 60-89 3 35-54
4 90-99 4 55-79

5 80-99

Note how in an abstract probabilistic way the selecting of the numbers 00 to 14 from a random
number table

n(2 digit numbers from 00 to 14) 1

P(Pick 00 to 14) = (T 5tal number of 2-digit numbers) ~ 100 — 12
is equivalent to what has been observed for parties arriving:
. f(No parties seeking service
P(No customers arrive) = (Nop n 9 ) =15
No. of Parties Total No No. of Parties No. of

RN for No. of Left from Parties RN for served Parties Left
Day Arrival Arrival Yesterday Waiting Service Today Unserved Cost
@ @ (©) 4 ®) 6 ™ ® (C)
1 73 3 0 3 21 2 1 50

ETC.

We explain Line 1. First we randomly selected a two digit number from the Random Number
Table; the number selected was 73. We looked in the table above on arrivals and saw that 73 falls
in the range of random numbers that indicates 3 arrivals. The 0 in the fourth column comes from
assuming there is no one waiting. Column 5is 3 + 0 = 3. There were 3 new arrivals plus no one
waiting from yesterday.

We then randomly picked another two digit number, and it was 21. We checked in the table
above on number serviced and found this corresponds to 2 parties being serviced. This leaves
one (3 - 2=1) party that must wait. This will cost the company $50. Using a computer, we could
have the computer do this one thousand times and see if patterns appeared in "long lines" of
people waiting, and what it would cost the company.

Reflection How did this example help you think of another
problem at work you could simulate?
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